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Abstract. In the present paper the field of invariants of the adjoint 
action of the unitriangular group in the nilradical of any parabolic 
r , '■ subalgebra is described. 

^. 

■■p ■ Consider the general linear group GL(n, K) defined over an algebraically 

^ closed field K of characteristic 0. Let B {N, respectively) be its Borel (maximal 

unipotent, respectively) subgroup, which consists of triangular matrices with 
nonzero (unit, respectively) elements on the diagonal. We fix a parabolic 
subgroup P that contains B. Denote by p, b and n the Lie subalgebras in 
O ' flK^^i ^) that correspond to P, B and A^ respectively. We represent p = r©rri 

^ ■ as the direct sum of the nilradical m and a block diagonal subalgebra r with 

ff-^ ! sizes of blocks [rii, . . . ,ns). The subalgebra m is invariant relative to the 

^ I adjoint action of the group P, therefore, m is invariant relative to the action 

O ■ of the subgroups B and A^. We extend this action to the representation in the 

algebra K[xn] and in the field K{m). The subalgebra m contains a Zariski- 
open P-orbit, which is called the Richardson orbit (see [R]). Consequently, 
the algebra of invariants K[m]^ coincides with K. The question concerning 
the structure of the algebra of invariantss ii"[m]^ and /i'[m]'^ remains open 
^.' and seems to be a considerable challenge. In the special case P = B, the 

answer is following: the algebra of invariants i^[m]^ is the polynomial algebra 
K[xi2, X23, . . . , Xn-i,n]- The present paper is a continuation of a paper |PS] . 
in which a conjecture on the structure of the field of invariants i^(m)'^ was 
stated. This conjecture is proved in the present paper. Theorem L8 provides 
a complete description of the field of invariants K{m)^ for any parabolic 
subalgebra. Another result of the paper is Theorem 1.7, in which canonical 
representation of A^-orbits in general position are indicated. 
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1. The main definitions and results 

Every positive root 7 in Q[{n,K) has the form (see [GG] ) 7 = £j — Ej, 
1 ^ i < j ^ n. We identity a root 7 with the pair {i,j) and the set of the 
positive roots A+ with the set of pairs {i,j), i < j. The system of positive 
roots A| of the reductive subalgebra r is a subsystem in A+. 

Let {Eij : i < j} be the standard basis in n. By E^ denote the basis 
element Eij, where 7 = {i,j). 

We define a relation in A"*" such that 7' >- 7 whenever 7' — 7 G A^. If 
7 -< 7' or 7 :^ 7', then the roots 7 and 7' comparable. Denote by M the set of 
7 G A+ such that E^ G m. We identify the algebra K[m\ with the polynomial 
algebra in the variables Xij, {i,j) G M. 

Definition 1.1. A subset S" in M is called a base if the elements in S are 
not pairwise comparable and for any 7 G M \ 5" there exists ^ & S such that 
7^e 

Definition 1.2. Let ^4 be a subset in S. We say that 7 is a minimal 
elem,ent in A if there is no ^ G A such that 7 >- ^. 

Note that M has a unique base S, which can be constructed in the 
following way. We form the set 5*1 of minimal elements in M. By definition, 
Si C S. Then we form a set Mi, which is obtained from M by deleting 5"! 
and all elements 

{7 G M : 3 ^ G 5i, 7 ^ e}- 
The set of minimal elements >S'2 in Mi is also contained in 5", and so on. 
Continuing the process, we get the base S. 

Definition 1.3. An ordered set of positive roots {71, . . . ,7^} is called a 
chain if 71 = (01,02), 72 = (12,03), 73 = (03,^4), and so on. The number s 
is called the length of a chain. 

Definition 1.4. We say that two roots ^,^' E S form an admissible pair 
q = (^, ^') if there exists aq G A+ such that the ordered set of roots {^, Oq, ^'} 
is a chain. Note that the root aq is uniquely determined by q. 

We form the set Q := Q{p) that consists of admissible pairs of roots in S. 
For every admissible pair q = (^, ^') we construct a positive root (f)q = aq + ^'. 
Consider the subset $ = {(pq : q G Q}. 

Using the given parabolic subgroup, we construct a diagram, which is a 
square matrix in which the roots from S are marked by the symbol and the 
roots from $ are labeled by the symbol x . The other entries in the diagram 
are empty. 

Example 1. Below a diagram for a parabolic subalgebra with sizes of its 
diagonal blocks (1, 3, 2, 1, 3, 2, 2) is given. 
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Diagram 1. 



Consider the formal matrix X in which the variables Xij occupy the 
positions {i,j) G M and the other entries are equal to zero. For any root 
7 = (a, 6) G M we denote by S^ the set oi ^ = {i,j) G S such that i > a 
VL i < h. Let S^ = {{ii,ji), ■ ■ ■ , {ik,jk)}- Denote by M^ a minor M/ of the 
matrix X with ordered systems of rows / and columns J, where 

/ = OTd{a,ii,...,ik}, J = OTd{ji,...,jk,b}. 

For every admissible pair q = {^,^'), we construct the polynomial 



E 



M^+,,M„,+g,. 



(1) 



ai,a2eA+U{0} 
ai+a2=aq 



Theorem 1.5 [PS]. For an arbitrary parabolic subalgebra, the system of 
polynomials 

is contained in K[m\'^ and is algebraically independent over K. 

Denote by y the subset in m that consists of matrices of the form 

where c^ 7^ and c^ 7^ 0. 

Definition 1.6. The matrices from y are said to be canonical. 



In the fourth section, we prove the following two theorems. 

Theorem 1.7. There exists a nonempty Zariski-open subset U G va such 
that the N -orbit of any x E U intersects y at a unique point. 

Theorem 1.8. The field of invariants if (m)^ is the field of rational 
functions of M^, ^ E S, and L^, (/? G $. 

The following result is a consequence of Theorem 1.8. 

Theorem 1.9. The maximal dimension of an N-orbit in m is equal to 
dimm- \S\ - |$|. 

We introduce on the set of roots 5" U $ an order relation for which 

1) ^ < ip for any C, E S and (/?€$; 

2) for other pairs of roots from S" U $, the relation < means that (a, b) < 
{c, d) a c < a or c = a a b < d. 

Consider the roots from the set S'U<I>: S* = {^i, . . . , ^p}, $ = {(pi, . . . , tpg}. 
Let the mapping tZ7 : m — > if +'? be given by 



X ^ \^M^^{x),...,M^^{x),L^^{x),...,L. 



Denote (c^^, . . . , c^^, c<^j, . . . , Ci^^) G w{xn). Let a G 5". By Ca denote the 
number Y\'^lii where the product proceeds over all roots (5 E S such that 
j3 < a and j3 is the greatest root in the sense of the order <. Let U be 
a Zariski-open set in the condition of Theorem 1.7. We have a canonical 
representative of the A^-orbit of any matrix from U . 

Corollary 1.10. Let x E U and w{x) = (c^^, . . . , c^^, Ci^-^, . . . , c^^). Then 
the canonical representative of the N-orbit of the element x is the following 
element 

where (pj E $ corresponds to the admissible pair (7j,7j). 



2. Lemmas concerning the structure of the root 
systems S and <l>. 

In this section we prove several lemmas. As above, let (ri, . . . , r^) be the 

k 

sizes of blocks in the reductive subalgebra r. We denote R^ = /_^ft- 



Lemma 2.1. For any root {i,j) E M \ S, there exists a number i > i 

such that {i,j) E S or a number j < j for which {i,j) G S. 

Remark. In other words, the base S is so structured that for any cell 
{i,j) of the matrix in m, there exists an element of the base S that lies in 
the ith row and/or in the jth column. 

Proof. By definition of the base S, for arbitrary 7 = (i, j) in M\S there 
exists a root ^ = {k,m) E S such that 7 — (^ G A^, i.e., 

'y-^ = ei-Ej -{Sk- Era) G A+. 

The last inclusion holds ii i = k or j = m. □ 

Lemma 2.2. Suppose that a root {i,j) E S is such that i ^ R^. for any 

k. Then there exists a number j < j such that (i -\-l,j) G S. 

Proof. Consider the root {i + l,j) G M; it does not lie in S and beneath 
it there are no roots from S, because otherwise there are two roots from S 

in one column. Assume that for any j < j we have {i + l,j) ^ S. Then for 
the root {i + 1, j) there is no (^ G S* for which 

(2 + l,j)-eeA+, 

which contradicts the definition of the base. □ 

Corollary. Suppose {i,j) E S is such that for some number k, we have 

Rk-i < i < Rk- 

Then for any i such that i < i ^ Rk, there exists a number j < j for which 
ill) G S. 

Proof proceeds by induction on the number i. □ 

The following lemma is proved similarly. 

Lemma 2.3. Suppose a root {i,j) E S is such that j ^ Rk + 1 for any k. 

Then there exists a number i > i such that the root {i,j — 1) G S*. 

Corollary. Assume that {i,j) E S is such that for some number k, we 
have 

Rk + l <j < Rk+i- 

Then for any j satisfying Rk < j < j, there exists a number i > i such that 

ill) G S. 



Lemma 2.4. Let a root {i,j) E S be such that there is no root {i,j) G S 

with i > i and j < j. Assume that for some a and b, the following conditions 
are satisfied: Ra < i ^ Ra+i, Rb-i < j ^ Rb- Then i = 1 + Ra or j = Rf,. 

For example, in Diagram 1 the roots (1,2), (2,10), (9,12) and (11,14) 
satisfy the assumptions of Lemma 2.4. 

Proof. Assume the contrary, i.e., i > Ra + 1 and j < Rb. 
Consider the root {i — 1, j + 1) G M; from the conditions of the lemma, 
it follows that it does not lie in S. Then there exists ^ E S for which 

(z-1,j + 1)-CgA+. 

Lemma 2.1 implies that ^ = (z — 1, fc), where k < j -\- 1, oi ^ = {m,j + 1), 
where z — 1 < m. In the first case, by the corollary of Lemma 2.2, for any 
number k such that Rb-i < k < j + 1, there exists a root (i^, k) € S, where 
ik > i — ^- Then ^ ^ S, because otherwise in the A;th column there are two 
roots from S, which contradicts the minimality of the base. The second case 
is also impossible by the consequence of Lemma 2.3. Therefore, such a ^ G 5" 
does not exist and {i — 1, j + 1) G S", a contradiction. □ 

Lemma 2.5. Suppose the following r roots lie in S: 

(zi,j-r + l),(z2,i-r + 2),...,(v,j) = (ij), (2) 

where Zi > Z2 > . . . > v; moreover, there is no root {io,j — r) G S* such that 
Zq > ii- Then there are precisely r roots in S of the form 

{i + r- l,ji),{i + r-2,J2),---,ihJr) = (iJ), (3) 

where ji < 32 < ■ ■ ■ < jr- 

The converse is also true; namely, if r roots of the form ^ lie in S and 
there is no root {i — r,jo) G S with jo < ji, then there are precisely r roots 
in S of the form (j2]). 

Proof. The corollary to Lemma 2.2 asserts that such roots exist. Let 
the number of them be equal to t: 

{i + t-l,ji),{i + t-2,J2),...,{i,jt) = (iJ), jk<jk+i- (4) 

The first root {ii,j — r + 1) on the list ([2]) is minimal (in the sense of the 
relation y), and the value of ji is the least possible. Then ii + 1 = j — r + 1, 
consequently, ii = j — r. Similarly, the first root in (^ is also minimal; 
therefore, we have i + t — 1 + 1 = ji, i.e., ji = i + t. Since the root ^ = 



6 



{i,j) G S, it follows that a square minor M^ corresponds to it. We find its 
size: ii—i + 1 = j — ji + 1, whence we have j — r — i = j — {i + t) and r = t. □ 

Definition 2.6. Any root {i,j) G M satisfying the conditions 
Rk-i < i ^ Rk and Rk < j ^ n, 

is called a root lying to the right of the kth block in r. 
Lemma 2.7. Let roots 

{i,ji),{i,J2),---,{i,Ja) eSU<^, 

where ji < J2 < ■ ■ ■ < 3 a <md a > 1, and let other roots from S* U $ do not 
lie in the ith row. Then 

1) if Ri-i < i ^ Ri, then ji = Ri + 1; 

2) if ji ^ Rk < jb for some number b ^ a, then r^ < b. 

Proof. 

1). We prove the first item of the lemma. Let Ri-i < i ^ Ri and ji 7^ Ri + l. 

Since the root {i,ji) G $, there exist roots {i,ji), i > i, and {c,i) 
that lie in S. Next, since ji 7^ Ri + 1, by Lemma 2.3 there is a root 

{i,ji — 1) G S*. Then the pair of roots ((c, ?), {i,ji — 1)) is admissible. 
Hence we have {i,ji — 1) G $, a contradiction. Thus ji = Ri + 1. 

2). Let we have i?m-i < jb ^ Rm for some number m. Show that rk < b for 
any k satisfying the condition I < k < m. We prove this by induction 
on k. For the (/ + l)th block in r the statement is obvious. Suppose the 
sizes of blocks in r the numbers of which is equal toZ + l,/ + 2,...,A; — 1 
are less than b. We show that r^ < b. 

Suppose the contrary. Let r^ > b; then for any number j, whereRk-i < 
j ^ Rk, a root {aj,j) G S exists for some Uj ^ i. Thus, there are rk 
roots from S of the form 

(ii, Rk-i + 1), (^2, Rk-i + 2), . . . , {ir„,Rk) 

for some ii > ^2 > • • • > V^- Lemma 2.5 implies that there exist r^ 
roots in S that lie to the right of a certain block in r. Then the size 
of this block is no less than r^ and thus is greater than b. Since its 
number is less than k, we obtain a contradiction with the inductive 
assumption. Consequently, for any number k such that j'l ^ Rk < jb, 
we have r^ < 6. □ 



3. The root system T and the principal minors 

Denote by Wij : m — )■ /C the coordinate function that maps a matrix 
a; G m to the number that stands at the intersection of the ith row and jth 
column. 

Consider x G m. Let the corresponding block diagonal subalgebra r 
consists of blocks of sizes (ri, . . . ,rs). Then n = ri + . . . + r^. We fix the 



size of the last block: r^ = r. As above, R^ 






n- 



To prove Theorem 1.7, we need to consider two cases, where there is a 
root from 5" in the nth column and there are no roots from S in the nth 
column. To prove the theorem in the first case, we introduce the notion of 
principal minor (Definition 3.3) and define root systems \1' and T (notation 
3.1 and 3.6, respectively). Throughout the present section, we assume that a 
parabolic subalgebra p is such that there is a root from 5" in the nth column. 
We denote it by (m, n). We take a number m ^ fh such that (m, n) G S* U $ 
and if i < m, then (i, n) ^ S* U $. By Lemma 2.5 and the corollary to Lemma 
2.2, there exists precisely r roots in 5" of the form 

(m + r - 1, /i), (m + r - 2, /2), • • • , ("^ + 1, Ir-i), i'rn, Ir) = (m, n) 

for which li < I2 < ■ . . < Ir = n. 

We show graphically the part of the diagram for m that contains these 
roots: 

Ll 12 i"r—l ir ^ n 
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Consider all possible chains of roots from 5" U $ that contain the roots 
{i,j), where m ^ i < m + r and j G {li,l2, ■ ■ ■ , ^r}- Among these chains, we 
chose those satisfying the following condition: if (a, b) is a root of such chain 
and Rk < a ^ Rk+i for some k ^ 1, then 



Notation 3.1, 

by \E'. 



a^r + Rk. (5) 

The set of all roots that occur in such chains is denoted 



Obviously, the length of any root chain from S'U$ is less than the number 
of blocks in r. With Example 1, we show the arrangement of roots from \1'. 
We mark them by the symbol Kl. 
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Diagram 2 

We recall that s is the number of blocks of the reductive subalgebra x. 
The size of the last block in r is equal to r. Obviously, for some number 's < s 
we have m = Rs + 1. Lemma 2.7 implies that if s'+ 1 < t < s, then the size 
of the tth block in r is less than the size of the last block r. For this reason, 
all roots {i,j) lying in S* U $ such that i > Rg+i are contained in the root 
system ^. 

Example 2. We give one more example of the diagram of a parabolic 
subalgebra with sizes of diagonal blocks (2,2,1,3,2,1,3). Here s = 3 and 
m = i?3 + 1 = 6. 
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Diagram 3 

Denote r^ = min(r, r,fc). Then from the definition of the set ^ it follows 
that if {i,j) G \1', then for /c > 1 we have 

Rk-i < i ^ ffc + Rk-i- 

Lemma 3.2. Let k > 1. The following statement are valid: 

1. There are r^ roots from S VJ ^ in the row with number Rk-i + 1- 

2. The first {according to the number of a column) r^ roots from SU^ in 
the row with number Rk-i + 1 He in ^. 

3. All rots from ^ that lie to the right of the kth block in v are contained 
in the rows with numbers Rk-i + 1, Rk-i + 2, . . . , Rk-i + ^k and in the 
same columns as the roots from ^ in the row with number Rk~i + 1- 

Proof. 

1. (a) First we prove that at least r^ roots from S lie to the right of the 
/cth block. 

The proof proceeds by contradiction, assume that to the right of 
the A;th block, there are less than r^ roots from S. Then there are 
no roots from 5" in the row with the number Rk^i + 1- Otherwise 
to the right of the /cth block there are rk ^ Vk roots from 5". By 
Lemma 2.1, for each root {Rk^i + 1, j) € M lying in the row with 
number Rk-i + 1, a root ^ = (z, j) G S with i > Rk-i + 1 exists. 



10 



Obviously, r = Vg ^ r^. Let / be the least number for which r; ^ r^, 
/ > k. Since Vg = r '^ r^ and s > k, we have / ^ s. 

Next, in each of the columns with numbers 

Ri-i + 1, Ri-i + 2, . . . , Ri.i + ri = Ri 

there is a root (aj, Ri-i + i) E S, where i = 1, . . . , r;. Lemma 2.3 
implies that ai > 02 > • • • > ^rr Then, by Lemma 2.5, there 
exists a number k ^ p < I such that there are r; roots from S to 
the right of the pth block in r. Then Vp '^ ri ^ Vk- Since / was 
chosen to be minimal, we obtain / = k. But this contradicts the 
assumption that to the right of the A;th block there are less than 
Tfc roots from S. Thus, to the right of the A;th block there are r^ 
roots from 5". Part (a) is proved. 

(b) We complete the proof of statement L Let the size of the A;th block 
in r be greater than L For r^ = 1 the proof is trivial, because 
{Rk, Rk + ^) E S for any number k. 

The corollary to Lemma 2.3 states that the roots from 5" lying to 
the right of the A;th block in r have the form 

6 = (^fc,ii),6 = (Rk - i,i2),---,^Ffe = (i?fc-nfc + i,ifj,---, 

where ji = R^ + 1 and ji < J2 < ■ ■ ■ < jr,,- We show that all the 
roots of the form {Rk-i + 1, Ja), where 1 ^ a ^ r^, lie in 5" U $. 
Consider the root r] = {Rk^i, Rk-i + 1); since A; > 1, this root 
obviously lies in 5". Denote 

1,2, ...,rfe -1, ecjiH Tfe = rk; 
1,2, ...,rfc, ecjiH rk < rk- 

Every root 7^ = {Rk^i + 1, Rk — a + 1), where a & I, lies in A^. 
Consequently, all pairs of roots {i],^a), a ^ I, are admissible. 
Denote 

C = i ^a + ^a = {Rk-1 + 1, Ja), eCJIH ffc < rk, .gx 

" I Cffc = ^ffc, ecjiH rk = rk. 

Then the roots (a are in $ for any a & I, which proves the first 
statement of the lemma. 

We prove statement 2 and 3 for numbers k that do not exceed 's + 1. For 
remaining k, there is nothing to prove. 

11 



2. The proof of the second statement proceeds by induction on the number 
k, starting with the greatest one. For k = s'+l the statement is obvious. 
Suppose statement 2 is vahd for roots from \1/ that he to the right of 
the blocks in r with numbers k + l,k + 2, . . . ,'s + 1. we show this for 
the block with number k; namely, we prove that for any 1 ^ a ^ r^, 
the root (a, defined in (P), lie in the root system \E'. 

Lemma 2.5 implies that there exist roots in S of the form 

{il,ja-a + l),{i2,ja-Ci + 2),...,{ia,ja) = {Rk -a+l,ja) 

for some Zi > Z2 > • • • > ^a = -Rfc ~ a + 1- Foi' the first root on the list, 
we have ii = ja ~ cl = Rb for some number b ^ k. 

Denote ^ = {Rb+i, Rb+i + !)• It is easy to see that ^ G S*. If ja < Rb+i, 
then {ja,Rb+i) G ^t; then the pair {Ca,0 is admissible. Consequently, 
the root {ja, Rb+i + 1) lies in $. If ja = Rb+i, then {ja, Rb+i + l)lies 
in the base S, i.e., in either case {ja < Rb+i and ja = Rb+i), the roots 
{ja,Rb+i + 1) G 5* U $. It remains to prove that {ja,Rb+i + 1) G ^E'. 
Consider the chain 

{ja, ^6+1 + 1), (^6+1 + 1, -^6+2 + 1), (^6+2 + 1, Rb+3 + ^) , ■ ■ ■, {Rs + ^, ^s+1 + 1) 

all of its roots lie in S" U $. Since 

ja = a + Rb ^rk + Rb^r + Rb, 

the pair {ja,Rb+i + l)satisfies ^. Consequently {ja,Rb+i + 1) G \E'. 
Hence the root (a also lies in \E'. 

3. We prove statement 3. Consider a root {i,j), where Rk-i + 1 < i ^ 
Rk-i+n, ja-i <j< ja for some a G {2, . . . ,ffc}. Suppose (z, j) G S'U^. 
Therefore, there is a root {i,j) & S, i > i. Then, similarly to item 1 
and 2 of the lemma, we obtain {Rk-i + 1, j) G \E', a contradiction with 
j ^ ja for any a. Thus, (z, j) ^ ^. 

It remains to show that there are no roots from \I' that lie in the 
rectangle Rk-\ < i ^ Rk~i + rk, jr^ < j ^ n. Assume the contrary. Let 
{i,j) G \E'. Then {i,j) G S* U $ and there exists a number a > Vk such 
that ^a = {Rk ~ 0- + ^,j) ^ S, where Rk — a + 1 ^ i. 

Note that if a > r^, then r^ > rk, whence Vk = r and a > r. Repeating 
the arguments used in item 2, we obtain the following estimate for j: 

j = Rb + a > r + Rb. 
12 



Consequently, there are no roots from \I/ in the jth row. Then there 
are no roots from \1/ in the jth column as well, a contradiction with 

{i,j)e^. □ 

To each block, except for the last one, of the reductive part r we put 
in correspondence a certain minor of the matrix X in accordance with the 
following rule. Let ji,J2, ■ ■ ■ ,jrk be the numbers of columns in which there 
are all roots from \1/ that lie to the right of the A;th block in r. 

Definition 3.3. The minor in X that stands at the intersection of Rk-i < 
i ^^k + -Rfc-i rows and ji,J2, ■ ■ ■ ,jrk columns is called a principal minor. 

We indicate all principal minors in Example 1 and 2. As above, the minor 
Mj is a minor of the matrix X with the ordered systems of rows I and 
columns J. 

In Example 1, the minors Mf, M||, M^, M^, Mgg'^^ and M^fia are 

principal. In Example 2, Mfs, Mg'J, Ml, Mq'j^^^\ ^9,\f , and M^f are 
principal. 

The size of the principal minor that stands to the right of the kth block 
in the subalgebra r is equal to r^ = min(r, r^). The number of the principal 
minors is one less than the number of blocks in r. Note that no two principal 
minors have a common column/row. 

Lemma 3.4. Let(i,j) be a root from "$. Then for any j < j such that 
(ij)^ A+, a root (ij) 
, i ^ i, lying in \1' exists. 

Proof. Let {i,j) ^ A| and j < j. By definition of the base 5*, there is 

a root ^ E S such that {i,j) — ^ & A+. Lemma 2.1 implies that ^ = {i,b), 
where b < j, or ^ = {a,j), where a > i. The first case os impossible, because 
in a row, there is no root from $ to the right of a root from 5"; therefore 
C = {.o,,j), where a > i. 

For some number /, we have Ri-i < a ^ Ri. The first assertion of Lemma 

3.2 states that {Ri-i + 1, j) G S" U $. we show that this root lies in the system 

For some k we have Rk^i < j ^ Rk- Obviously, [R^^Rk + 1) G S*. 
If j < Rk, then {j,Rk) G A| and the pair of roots ((a,j), {Rk,Rk + 1)) is 
admissible. Consequently, {j,Rk) G $. If j = Rk, then {j,Rk + 1) G S. Thus, 

{j, i?fc + 1) G S" U $ for any j such that(/?fc-i < j ^ Rk- Lemma 3.2 and(|5]) 
imply that all the roots in the chain 

(7, Rk + l), {Rk + 1, Rk+i + l),...,{Rs + l, Rs+i + 1) 
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lie in \1/. Next, from Lemma 2.7 it follows that the size of the kth block in r 
is less than r. Then 

j ^ Rk = Rk-i + rk< Rk-i + r. 

From ([S]) it follows that the root (-R;_i + 1, j) is also contained in \l/. 

Thus, we showed that for any j < j there is a number i = Ri-i + 1 such 

that (T, 7) e ^. □ 

Notation 3.5. Denote by X the set of matrices x in m satisfying the 
following conditions: 

1. The principal minors are triangular. 


















and the numbers on the secondary diagonal are different from zero. In 
the above diagram we denote by asterisks any numbers from the ground 
field K. 

2. If (z, j) G ^ and j is the greatest number for a given i, then w-j{x) = 
for any j > j. 

3. Let a principal minor stand at the intersection of the rows i,i+l, . . . ,i+ 
r — 1 and columns ji < J2 < ■ ■ ■ < jr- Let 

(i, j) ^ \1/, where i ^ i < i + r and ja-i < j < ja 

for some a E {2, . . .r}. Then if the root {i,ja) stands in the principal 
minor below the secondary diagonal (in this case wj- (x) = 0), then 
w~ij{x) = 0. 

We present an example of the set A* C m in which diagram 1 is a diagram 
for m. 



14 



( ° 


* 





o o -X- -x-ooo 
o o o -x-ooo 


ooo-x- ooo-x- o-x- 
ooo-x- ooo-x- -X- -X- 


\ 




* * 








* * 

* * 

* 









-X- o -X- 

-X- -X- -X- 






* * 










* 
* 


* 










* 



























\ 





0/ 



Notation 3.6. Denote by T a set of roots [i.,]) G A+ that satisfy the 
following conditions: 

1. There exists a number i> i such that (i,i) G \E'. 

2. In the ith row there are no roots from \E'. 

Denote T = SpanjE"^, ^ G T}. Below we give the diagram of Example 1; 
here the roots from T are denoted y the symbol •. 
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Diagram 4 
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4. Canonical matrices on A^-orbits of general position 

First we state two propositions, which will be necessary for the proof of 
Theorem 1.7. 

Remark 4.1. The adjoint action 

Adg(t) X = git) ■ X ■ gity^ 
on an arbitrary matrix x by the one-parameter subgroup 
g{t) = E + t-E^C N, ij = {u,v) e A+ 
reduces to the composition of two transformations: 

1) the row with number v multiplied by t is added to the row u of the 
matrix x; 

2) the column with the number u multiplied by —t is added to the column 
with the number v of the matrix x. 

Proposition 4.2. For any x E X and any matrix y E T, there is g E N 
such that Adg{x + y) = x. 

Proof. It is sufficient to prove the following assertion. Let j be the 
number of a column such that all entries of the matrix y in the columns with 
numbers greater that j are zero. We denote by {ii, . . . ,ip} the numbers of 
the rows for which the entries of the matrix y in the jth column are equal to 
zero. We claim that there exists g E N such that 

Adg{x + y) = x + y, 

where y E T and all the entries of y that lie in the columns with numbers at 
least j are zero. 

Let i E {ii, . . . ,ip}; since {i,j) E T, a root {i,j) E "^j i > i, exists. Then 
there exists a principal minor M/, where / is the set of rows and J is the set 
of columns of the minor, such that i E I and j E J. Let the principal minor 
Mj stand to the right of the (c + l)th block in r; denote k = Rc + 1 and, as 
above, r = Tc+i = min(r, Tc+i). Let 

/= {/c, A; + l,...,A; + r- 1} and J= {ii,i2, • • • ,if} 

for some ji < J2 < ■ ■ ■ < jr- Denote by / the number for which j = ji. Note 
that the root (A; + r — l,ji) stands on the secondary diagonal of a principal 
minor, a nd thus the value of Wk+r-i,j{x) does not equal to zero. 
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Let i G {ii, . . . , ip}; then Wij{y) 7^ 0. Consider the adjoint action on x + y 
of the element 

9= n 9i{U), 

i=ii,...,ia 

W ■ ■ (v) 
where gi{ti) = E + ti- Ei^k+7-i and U = — -— . 

Wk+r-l,j{X) 

Then the columns in the matrices Adg{x + y) and x the numbers of which 
are at least j coincide. Therefore, the entries of the matrix 

y = Adg{x + y) - x, 

that lie in the columns with numbers at least j are zero. Hence we obtain 
Adg{x + y) = X + y. 

To complete the proof, it remains to prove that y E T. We show that if 
Wa,b{y) 7^ 0, then (a, b) e T. 

Thus, let Wafi{y) 7^ and Wafiijj) 7^ Wa^iy) for a certain root (a, 6). By 
Remark 4.1, either a = i 01 h = k + r — I. 

1. Let Wi^b{y) ^ and Wi^b{y) 7^ WiAv)^ where h e {ji,ji + 1, . . . ,i}. We 
show that (2, b) G T. Lemma 3.4 implies that for every number b < j, a. 
root {ib, b) G ^with number % > i exists. This, together with the fact 
that there are no roots from \1' in the ith row, implies that the root 
(i, b) lies in T. 

2. Let Wa,k+7-i{y) 7^ and Wa,k+¥-i(jj) 7^ Wa,k+7-i{y) for some a. we show 
that (a. A; + r — /) G T. 

(a) We prove that there are no roots from \1' in the row with number 
a. To this end, we first prove that there are no roots from ^ in 
the iih. column. Assume the contrary. Then the ith row would also 
contain roots from \1', which contradicts the definition of the root 
system T. Consequently, in the column with number i there are 
no roots from \l/. Next, since Wa,k+r-i{y) 7^ Wa,k+r-i{y), it follows 
that the entry (a, /c + r — /) of the matrix x + y is changed under 
the action of g, and thus Wa,i{x + y) 7^ 0. Now assume that in the 
ath row there is a root (a, v) from \E', and let v be the greatest 
possible. Then, since in the matrices from X and T there are zeros 
to the right of the principal minors, we obtain i ^ v.hy Lemma 
3.4, there is a root from \E' in the ith column, a contradiction. 
Therefore, there are no roots from \E' in the ath row. 
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(b) Now we show that there is a number a > a such that (a, k+r — l) G 
\E'. Assume that there are no roots from \I/ in the {k + r — l)th 
column. Then there are no roots from 5* in the (A;+r — /)th column. 
Otherwise Lemma 3.2 and the fact that the row with number 
(k + r — l) contains roots from the system \E' imply that there is a 
root (a, k + r — /) G \1' for some a. But in the [k + r — /)th column 
there are no roots from S only if for every c ^ c the size of the 
cth block in r is less than the size of the last block. In particular, 
the size of the block to the right of which the root {a,k + r — I) 
stands is less than r. Then the row with number a is a row of a 
certain principal minor, and since Wa^i{x + y) y^ 0, there is a root 
from \E' in the ath row, which contradicts item (a). Therefore, the 
[k + r — /)th column contains a root {a,k + r — I) G \1'. 

Now assume that a < a. The root (a,k + r — I) lies in \E' and 
i < k + r — l. Since (a, z) ^ A|, we have {a,i) ^ A^. Then the 
conditions of Lemma 3.4 are fulfilled, whence it follows that there 
is a root from \& in the ith column, but this contradicts item (a). 
Consequently, a > a. 

Items (a) and (b) imply that the root {a,k + r — I) E T. 

Thus, all the roots of the form (a, 6), where Wa,b{y) 7^ 0, lie in the root 
system T. □ 

Proposition 4.3. Assume that a parabolic subalgebra p is such that there 
is a root from S in the last column. Then there exists a nonempty Zariski- 
open subset U iny such that the N -orbit of any matrix from U has a nonzero 
intersection with X . 

Proof. Consider the linear span 

y + Y^K-E^, (7) 

where summation proceeds over all roots 77 = (i, j) G M \ \1' such that i E I, 
j G J, and M/ is a principal minor (i.e., the root r] lies inside a principal 
minor). 

First we show that there is a nonempty Zariski-open subset V in y such 
that for any x E V there is a /i G iV such that Adh x lies in ([7]) and any 

principal minor in Adh x is different from zero. 

fe-i 

Let a; G 3^. As above, we denote Rk-i = /_^^t and r = r a. = min(r, r^). 

t=i 
Let the principal minor M/ that stands to the right of the /cth block in c be 
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situated at the intersection of / = {Rk-i + 1, Rk-i + 2, . . . , Rk-i + r} rows 
and J = {ji ,J2,..., jr} columns. 

By Lemma 3.2, there is a root from \1/ in every column of the principal 
minor, but not in any row of the principal minor there is a root from \1/. The 
roots (4, 7) and (4, 8) in Diagram 5 serve as an example. These roots do not 
lie in the system \1/, and the fourth row belongs to the set of rows of the 
principal minors. 

Example 3. The diagram for a parabolic subalgebra with the following 

sizes of diagonal block: (1, 1, 4, 2). 

12 3 4 5 6 7 8 
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Diagram 5 

Let i & I, j & J, and {i,j) ^ \1/. Then {i,j) ^ S" U $. Since j is a column 
of the principal minor, there is a root from \E' in the jth column. Therefore, 
a root {i,j) G 5" exists; suppose i > i. The adjoint action on x of the element 



h = E + t-E,j, t^O, (8) 

enables one to obtain an arbitrary nonzero number at the entry {i,j) of the 
matrix x {nr- Ax) 7^ by the definition of 3^). We show that the adjoint 
action (^ does not change the entries of the matrix x, except for {i,j). On 
the one hand, the number that stands at the {i,j) entry of the matrix x is a 
unique nonzero in the ith row. Indeed, if 'mi^{x) 7^ for some j, then (i, j) G $ 

and j < j. But in this case, a root (6, i) & S exists. Then, by the corollary of 
Lemma 2.3, there is a root (a, z) G 5 in the zth column. Consequently, the pair 

of roots ( (a, 2), (i, j) j is admissible, whence {i,j) G $, which is impossible. 

On the other hand, to obtain some changes in x upon adjoint action (|8]), it 
is necessary that the ith column contain a root from the base S. Again we 
have a contradiction with {i,j) ^ $. Thus we showed that adjoint action (^ 
does not change the matrix x, except for the entry (^, j). 

Since the roots from S occupy places not above the secondary diagonal 
in a principal minor, there exists h & N such that Adh x lies in ([7]) and 
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Wij{Adhx) 7^ for any root {i,j) that stands not below the secondary 
diagonal in a principal minor, then the set of x G 3^ for which all principal 
minors in Adh x are not equal to zero is a nonempty Zariski-open set; denote 
it by V. 

Now we turn to a proof of the proposition. Denote x' = Adh x, and let x' 
lie in ([7]). Suppose x (zV . Then all principal minors in x' are different from 
zero. 

Consider the first ri rows in x' . Obviously, they satisfy conditions 1-3 
imposed on the matrices from X , because they do not contain roots from $ 
and in any roe (column) there is no more one root from S. 

Now assume that for any row the number of which is no greater than 
Rk-i, the matrix x' satisfies requirements 1-3 in the definition of the set X. 
To prove the proposition, it is sufficient to show that there exists a nonempty 
Zariski-open subset U G y such that for any x & U there is g E N such that 
the matrix Ad^ x' = Adgh x satisfies requirements l-3in the definition of the 
set X for rows the numbers of which do not exceed Rk- We represent the 
part of the diagram that corresponds to the rows Rk-i + 1, Rk-i + 2, . . . , Rk- 
Lemma 3.2 implies that it has the following form 
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Rk-1 + 1 

Rk-i+^-l 
Rk-i + r 



Rk 



Let the principal minor M/ stand to the right of the block with number 
A; in V at the intersection of the rows / = {-Rfc-i + 1, Rk~i + 2, . . . , Rk-i + t} 
and the columns J = {j'l, j2; • • • lir}? where ji < J2 < ■ ■ ■ < jr- Denote by 
U' the nonempty Zariski-open subset of those a: G 3^ for which the principal 
minor Mj in x' is different from zero. We show that for any x E U = U' r\V , 
there is g E N such that the matrix Ad^ x' satisfies the requirements of the 
definition of the set X for rows the numbers of which does not exceed Rk- 

Thus, let X G f/; therefore the principal minor M/ is different from zero. 
Then we can put it in triangular form with the help of the adjoint action of 
element s from A^ of the form 



9a = E + t1- Ej^j^ + ...+ t^_i ■ £^j,_ij,, 



2,... 



(9) 
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choosing appropriate values of t", z = 1, . . . , a — 1. In such a way we achieve 
the fulfillment of condition 1 in the definition of X for rows the number of 
which do not exceed Rk- 

Next, let (i,i) G M \ \1/, where z G / and j > jjr, moreover Wij{x') ^ 0. 
Similarly, we act on x' by conjugation by the element 

g, = E + U-E,,,, + ... + tr-E,^,,, (10) 

where ti, . . . ,tr are appropriate values. We achieve that the entry {i, j) of the 
matrix Ad^^. x' becomes zero and the conjugation by 'gj does not change the 
other entries of the matrix in the Rk-i + 1, Rk-i + '^, ■ ■ ■ , Rk rows. The latter 
means that condition 2 in the definition of the set X is satisfied for the rows 
the numbers of which do not exceed Rk . 

Now we assume that the principal minor to the right of the A;th block is 
triangular. Let Wij{x') 7^ for a root {i,j), where i ^ I, ja-i < j < ja ^ot 
some ja-i,ja £ J, and the root {i,ja) lies below the secondary diagonal in 
the principal minor. It is sufficient to consider the conjugation by element 
([9]), replacing j by ja- Thus, the condition 3 in the definition of X for rows 
the numbers of which do not exceed Rk is satisfied. □ 

Now let S be the set of denominators generated by minors M^, C, & S. 
We form the localization -/^[m]^ of the algebra K[m] on S. 
Consider the Zariski-open subset in m 

Uq = {x e m : M^{x) 7^ 0, j\jiz jiio6oro ^ E S} . 

Then -ft'frrij^ = i^[t/o]. We define a regular map 

T^-Uo^y (11) 

by the rule 

where 

1) M^{x) is a number Y[ My{x), and the product proceeds over all roots 7' 
such that 7' < 7 and 7' is the greatest root in the sense of the order < 
introduced above; 

2) the root </) G $ from the second sum corresponds to the admissible pair 

? = (ei,6). 
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Then M^{x) = M^{7r{x)), L^{x) = L^{7r{x)) for any ^ E S, ip E <^. Since M^ 
and L^ are invariants, we have 7r(Adpa;) = 7r(x) for any g E N. 

Now we are in a position to prove theorem 1.7. 

Proof of Theorem 1.7 proceeds by induction on n. 

For n = 2 the statement is obvious. Assume that the theorem is vahd 
for matrices of sizes lesser than n. We prove it for matrices of size n. Let 
the reductive part r of a parabohc subalgebra p consists of blocks of sizes 

(ri, r2, . . . , Ts), where ri + r2 + . . . + r^ = n. As above, r = r^. Introduce the 
notation 



r / 



3o 
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Zo = exp3o- 



[\0 ... 
Since 30 is an ideal in the subalgebra n, we have Ad^r 30 

g[(n — 1, K) with the subalgebra 
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GL{n — 1, K) with the subgroup 
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mGL{n,K). 



Let A'^i be the subgroup of upper triangular matrices with unities on the 
principal diagonal in GL{n — 1, K), rii = LieNi, rtXi = m fl rii, and let 3^i be 
the natural projection of 3^ to nxi. 

Any element x G m is uniquely represented in the form x = Xi + Zi, where 
Xi E mi and zi €30- By the inductive assumption, there exists a nonempty 
Zariski-open subset Ui C mi such that for any Xi E Ui there is g' E Ni such 
that Adgi Xi E yi. Since m = mi ©30) it follows that L^i +30 is an open subset 
in m. 

Proposition 4.3 implies the existence of a Zariski-open subset l^ in 3^ such 
that for any y E V, there is an element gi E N such that y = Ad^^ y E X. 
The preimage tt~^{V) of the set V under map flTTl) is a Zariski-open subset 
in m. 
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Denote 

Ui + 3o if there are no roots from 5" in the nth column; 



(^1 + 3o) l~l TT ^(V) if there is a root from S in the nth column. 

From what we have said above, [/ is a Zariski-open subset in m. 

Part I. We show that for any x E U there exists g E N such that 
Adg X ey. 

Thus, let X E U. Denote x' = Adg' x, yo = Adg' Xi, Zq = Adg' Zi. We 
obtain 

x' = Adg' X = Adg' xi + Adg' z\ = 2/0 + -20, 

r^e 2/0 e 3^1, Zq G 3o- 

1. Consider the case where there are no roots from the base S in the 
nth column. In this case, [/ = f/i + Jq- We show that there is g E N 
such that Adg x = yo. Lemma 2.1 implies that for any number i, where 
1 ^ i ^ n — r, there is a root ^ E S lying in the ith row (i.e., ^ = (z, aj) 
for some number Oj). Since yo E 3^i, we have Wi^ai{x') = Wi^aXvo) 7^ 0. 
Denote 

gn-r = E + tn-r " ^a„_„n G ^0, whcrC t„ ""'''" 



T?^+ T7 ^ -7 \. + Wi,n(Ad3,^,...3„_,2:o) 

gi = E + ti- Ea^^n e Zq, where t^ = — — . 

(12) 
Then 



Wa,n \^'^gigi+i-g„-r ^ ) 


- 


for any a^ i. Denote 




g = gi- g2- ■■■■ 9n^r 


■g' 


We obtain 





ACig X Adg-^g^ g^_^A<lg' X ACig-^g^ g^_^X 

= Adg,g^,„g„_^ ( ^/O + ^0 ) =2/0^3^, 

which proves the statement in case 1. 

2. Now consider the case where a root from S lies in the nth column. Here 
U = {Ui + 3o) l~l '^~^iV)- Denote by (m, n) the root from S lying in the 
nth column. Let (m, n) G S* U $ be a root which has the least number 
m. 
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Lemma 2.1 implies that for every {i, n) G M, where i > m, a root from 
S exists in the ith row. Similarly to the first item, there is an element 
h & Zq such that Ad/i x' has zeros in the last column below the root 
(m, n) (i.e., Wa,n (Ad/i x') = for any a > m). 

Now let {i,n) ^ S" U $ and m < i < m. Similarly to the first part of the 
proof of Proposition 4.3, acting on x' by conjugation by element ([8]) for 
i = rh, we can obtain 

Wi^n{Mhx') = and Wa,b{-^dhx') = Wa,b{x') 

for any root (a, 6) 7^ {i,n). 

In view of the above-said, in the sequel we assume that for x', Wi^n{x') = 
for any root {i,n) ^ 5* U $ such that i > m. 

Consider the subspace 3 C 30 that consists of 2; G 30 foi' which Wj „(2;) = 
for i ^ m. Denote by z the natural projection of zq to 3. Then the 
matrix y = x' — z lies in y. Therefore, x' = y + z,y&y,z&^. From the 
definition of invariants, y = 7r(x'). Since x' G n^^iV), we have y & V. 

From Proposition 4.3 it follows that there exists an element gi (z N 
such that y = Adg-^ y E X. Then Ad^^ x' = y + Ad^^ z. Since 3 is an 
ideal of n, we have Ad^^ 2; G 3. 

We show that there exists §2 G Zq such that 

Adgjgi X = y -\- z, 

where y E X and 2 G T fl 3. Let ( = {i,n) ^ T, i < m. In the nth 
column, there is a root from S and thus from \I^. Then, by definition 
of T, there exists a principal minor M/, where / is a set of numbers of 
rows and J is the set of numbers of columns, such that i G /. Let r be 
its size and J = {ji, . . . ,jr}, ji < ■ ■ ■ < jr- Since y E X, the principal 
minor M/ is different from zero. We choose numbers ti, . . . , t^ in such 
a way that for the element 

gC = E + ti ■ Ej^^n + . . .+tr- Ej^^n 

the following conditions are satisfied: 

(a) Adc,^ {y + Adg^ z) =y -[- z\ where z' G 3; 

(b) Wi^n (Adg^gj 2) = 0; 

(c) if i 7^ j, then the adjoint action of gc^ does not change the entry 
(j, n) of the matrix y + Adg^ z. 
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Then for §2= 11 gc_ ^ Zq, we have 

C=(i,n)0T 

Adc,2gi x' = y + z, where y E X and ? G T fl 3. 

Next, Proposition 4.2 iniphes the existence oi g-^ ^ N such that 

Adg3(y + i) = y. 
We obtain 

Adgagagi x' = Adg^g^g^{y + z) = Adg^{y + z) = y. 
It remains to apply the inverse action g^^: 
Ad -1 „ „ „, x = Ad„-i „ „ x' = Ad„-i u = Ad„-i (Ad., y) =y ey. 

ffl 9392919 Si 939291 9i ^ 9i ^ 9i fJ ti ^ 



Part II. Uniqueness follows from the fact that the map (|TT|) is constant 
on an A^-orbit. □ 

Consider the localization i^[m]^ of the algebra of invariants i^[m]^ with 
respect to S. Since the minors M^ are A-invariants, we have 

K[m]^ = {K[m]sf . 



The following theorem was proved in |PS] : we repeat its proof to maintain 
the understanding of the matter. 

Theorem 4.4. The ring K[m]^ is the ring of polynomials in M^^, ^ & S, 
and in L^, (/? G $. 

Proof. Consider the restriction homomorphism zu : f ^ f\y of the 
algebra X[m]^ to ^'[D^]. The image tZ7(M^) is equal to the product 

±x^x^-^ . . . x^^ , 

where every ^j is less than ^ in the sense of above order >. We extend w to 
a homomorphism 

U7S : K[xn\^ -^ K[y]s, 

where -ftr[3^]5 is a localization of K[y] with respect to x^, ^ G S". We show 
that zus is a isomorphism. 
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If / G Kerps, then f^Ad^ 3^) = 0. Since, by Theorem 1.7, AcIat y contains 
a Zariski-open subset, we have / = 0. Consequently, zus is an embedding of 
Kfmj^ in ii'[3^]s'. Next, we write the formulas in the form 



w (L^p) = ±x^pVJ (My) w { Myi \ 



7 / ' 



where the root (/? G $ corresponds to the admissible pair (7,7')? and M^ 
( My, respectively) is the product H ^?i (11^715 respectively), and the 
product proceeds over the greatest roots ^1 such that ^1 is less than ^ (7', 
respectively) in the sense of the order < . We get 



) L ^ (13) 

uJs[L^M-^M-^] =±x^. 



From fll3p it follows that the image of tos coincides with i^[3^]5. Thus, Ws 
is an isomorphism. □ 

We obtain Theorem 1.8 as a consequence of Theorem 4.4. 
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